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In the derivation of the parabolic filtrate discharge equation for the confined axial growth of a filter 
cake under a constant applied pressure, Ruth (1935) assumed that the superficial fluid velocity 
throughout the filter cake was constant at any instant. Tiller & Cooper (1960) were the first who 
recognized the variation of superficial fluid velocity inside the compressible filter cakes and 
showed that the outlet superficial fluid velocity, q0, is always greater than the inlet superficial fluid 
velocity, q~. Unfortunately, in the derivation the compaction effect was neglected and it took four 
yearst of heuristic manipulations to obtain the correct expression (Tiller & Shirato 1964). 

The derivation mentioned above is restricted to one-dimensional filtration and no attempt has 
been made to extend this derivation to other filter cake geometries. In fact, filter cakes of various 
geometrical shapes have received much less attention than the traditional cylindrically confined 
axial filtration although there has been some notable work done in this area by Brenner (1961), 
Leonard & Brenner 0965), Shirato & Kobayashi (1969), and Yoshioka, Ueda & Miyoshi (1972). 
The purpose of this note is to derive a general material balance which focuses on the difference 
between outlet and inlet cake fluid velocities and which applies to filter cakes of any geometry. 

MASS INVENTORY FOR COMPRESSIBLE CAKES OF ARBITRARY GEOMETRY 

For compressible filter cakes, the equation of continuity is 

v at q = 0 [1] 

where E is the local porosity and q is the superficial fluid velocity. Integration of [1] over the 
time-dependent filter cake volume, V(t), gives 

f v(,) (O~ + V ' q )  dV=O \Ot [21 

The Reynolds transport theorem and the divergence theorem permit [2] to be written as 

df f f f - -  E d V -  E(w. n)dA+ q - n d A +  q . n d A = O  
dt vlt) A,~t~ A~t) A 0 

[3] 

where w is the velocity of the moving inlet cake surface A~(t) and n is the outwardly directed unit 

~The time from which the first incorrect expression appeared to the time it was finally corrected. 
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Table 1. Effect of filter cake geometry on the macroscopic mass inventory equation 

Filter Coke Geometry Macroscopic Mass Inventory Equation 
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normal vector to the surface. A0 is the fixed area of the septum at the outlet side of the filter cake. 
If the average porosity, e*, defined by 

e* = f v(t) • d V 
f v(, d V [4] 

and the obvious relation 

- -  = w" n dA, [5] 
dt A,~t~ 

which can be obtained directly from the Reynolds  transport theorem for an integrand of  unity, are 

used in [3], the result is 

f dV de* q . n d A +  q'ndA=(ei-e*)-d-f-V d-i- [6] 
a~t) '40 

The only restriction on [6] is that the surface porosity, Ei, is constant on A~(t). The two terms on 
the left represent the difference between the inlet and outlet flow rates, while the first term on the 
right hand side is proportional to the change in the cake volume and the second term on the right 
hand side is a compaction effect caused by changes in the average porosity. 
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The mass balance [6] is applied to four different geometries to obtain expressions for the 
difference between outlet and inlet flow rates and the results are shown in table 1. In table 2, the 
transformations, metric coefficients, h, and general functional dependence of the superficial fluid 
velocity and porosity are given. 

REFERENCES 

BRENNER, H. 1961 Three-dimensional filtration on a circular leaf. AIChE Jr. 7, 666--671. 
LEONARD, J. I. & BRENNER, H. 1965 Experimental studies of three-dimensional filtration on a circular 

leaf. AIChE J. 11, 965-971. 
RUTH, B. F. 1935 Studies in filtration III. Derivation of general filtration equations. Ind. Engng 

Chem. 27, 708-723. 
SmRATO, M. & KOBAYASHI, K. 1969 Fundamental concepts for non-unidimensional filtration. 64th 

National A.I.Ch. E. Meeting, New Orleans, Louisiana. 
TILLER, F. M. & COOPER, H. R. 1960 The role of porosity in filtration: IV. Constant pressure 

filtration. AIChE Jr. 6, 595--601. 
TILLER, F. M. & SHIRArO, M. 1964 The role of porosity in filtration: VI. New definition of filtration 

resistance. AIChE J. 10, 61-67. 
YOSHIOKA, N., UEDA, K. & MIYOSHI, K. 1972 Liquid pressure distribution for filtration through 

curved leaves-inside filtration. J. Chem. Engng Japan 5, 291-296. 


